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1 Introduction

Since stochastic differential equations rarely admit closed-form solutions, expectations of function-
als of their solutions are computed by discretization combined with Monte Carlo simulation, which
incurs a discretization bias of order O(At), where At is the time step of the discretization scheme,
and a statistical error of order O(N~1/2), where N is the number of simulated paths. The latter
rate is dimension-independent but slow, so reducing the variance of the estimator is usually cheaper
than simulating more paths. This paper studies the control variate method, with European call
pricing under geometric Brownian motion as the main application.

2 Stochastic processes & SDEs

2.1 Stochastic processes

Firstly, we introduce the notion of a probability space. It consists of an outcome space €2, whose
elements w € Q are called outcomes, a o-algebra F, and a probability measure P : F — [0, 1].

Definition 1 (Stochastic Process). A stochastic process is a collection of random variables
defined on a probability space (2, F, P) and indexed by a totally ordered set T C [0, 00), called
the index set (here always interpreted as time):

(Xe)ter
If t € T is fixed then a single random variable can be considered as a function:
w = X (w)
If w is fixed then we consider a single path:
t— Xy(w), teT

Note: Random variable X is a measurable function defined on a probability space (2, F, P):
X:Q—>R

Throughout this paper T = [0,7] for a fixed terminal time T > 0. As time passes, more events
that were undecided at earlier times become decided. The filtration formalizes this: F; collects
the events whose occurrence is determined by what has happened up to time ¢.

Definition 2 (Filtration and F;-adapted process). Given a probability space (2, F, P),
we call a growing collection of o-algebras filtration if:

Vs,teT:s<t = F;s CF CF.
A stochastic process is said to be Fi-adapted if

Vt € T : X; is F;-measurable

This matters because at time ¢ we cannot base decisions on information that is not yet available;
adaptedness is exactly the requirement that X; be determined by F;.

Another important concept is Martingale. One can think of it as a fair game process, meaning
the expected value over time is equal to the amount you have at the moment.

Definition 3 (Martingale). [4] A stochastic process (X¢)ier on a filtered probability space
(Q, F, (Ft)tet, P) is called a martingale if it satisfies the following conditions

1. X; is Fs-measurable for all t € T.

2. E[|Xy]] < oo forallteT.
3. E[X¢|Fs] = X for all s,¢ € T with s <t.




2.2 Brownian motion (Wiener process)

An important example of a stochastic process is Brownian motion. It was discovered by Robert
Brown, who observed random motion of pollen grains in liquid. It can be modeled as a stochastic
process as follows: (By)ier. It has some properties that might be helpful for us:

1. The Brownian motion starts at zero: By = 0
2. The Brownian motion is almost surely continuous.

3. The increments over disjoint intervals are independent, and are stationary: Vs,t € T : s <
t = By — Bs ~ N (0,t — s). This also implies that: E[B;] = E[B; — By] =0

The third property is crucial for numerical simulations: the Brownian increments AB should
be sampled from the normal distribution A(0, At).

It is important to mention that despite being continuous, Brownian motion is nowhere differ-
entiable. More than that, if we zoom in on the motion we will see a fractal behavior, in contrast
to normal smooth functions where it would eventually look like a line.

One more important property that is often used is called quadratic variation that is equal to
the elapsed time. For a partition 0 = ¢y < ... < t, = T of [0,T], as the mesh max;(¢t; — t;—1)
vanishes:

n R
L

Z(Bti - Bti—l)Q — T
i=1
This is the cumulative discretized version of:

(dB;)? = dt

Brownian motion is very important because its increments will allow us to model much more
complex processes. If we add a drift term we will get a path that goes in some direction with a
noisy behavior.

2.3 Stochastic calculus

Many stochastic processes of interest arise as solutions of a Stochastic Differential Equation:

VteT: dX; = M(t,Xt)dt + O'(t,Xt)dBt

Assuming that we have an initial condition Xy, an equivalent integral equation would be:
t t
X, :XOJr/ u(s,Xs)der/ o(s,Xs)dBs
0 0

Here fot u(s, Xs)ds is a standard Riemann integral and fg o(s, Xs)dBs is an Ito integral.
To see why the Riemann integral is not an appropriate method for a stochastic component, we
consider the following random variable:

T
Ir(w) = / B, dB,
0

We approximate the integral by summing areas of rectangles under /above the curve and split [0, T

into n subintervals: 0 =tg <t; <...<t, =7T. And let AB; = By,,, — By,.
The Left-Endpoint and Right-Endpoint Sums:
n—1 n—1
Rleft = Z Bti (Bti+1 - Bti>7 Rl‘ight = Z Bti+1 (Bti+1 - Bt,,)
i=0 1=0

Under the Riemann logic this difference should vanish as n — oo, instead
n—1 n—1 R

Riight — Riere = z:(BtiJr1 — By,)(By,,, — Bi,) = Z(ABi)2 L (as the mesh vanishes)

i=0 i=0

The sums converge to different limits. The fundamental requirement of Riemann integration is
violated, because the limits depend entirely on where we evaluate the function within the interval.
This forces us to invent a new method for solving such equations.

The idea behind the It integral is to use the left-endpoint sum. This is especially helpful
because it coincides with our F;-adaptedness requirement. In other words we are not looking in
the future calculating the sum, but using the information we already have. For this we define a
class of It6 integrable functions.



Definition 4 (Class of It6 integrable functions). [5] Let U € [0,T) be a fixed lower
integration bound and let V = V(U, T') be the class of functions

ft,w):[0,00) x Q@ = R
such that
1. (t,w) = f(t,w) is B x F-measurable, where B denotes the Borel o-algebra on [0, c0)
2. f(t,w) is Fi-adapted.

fU ft,w)?dt] < oo

The next step is to approximate f(¢,w) by elementary functions.

Definition 5 (Elementary function). [5] A function ¢ € V(U,T) is called elementary if

it has the form
n—1

¢(t7w) = ei(w) : 1[ti7ti+1)(t)

i

I
=

for a partition U =ty < t; < ... <t, =T, where each e; is F;,-measurable with E[e?] < 0.

Since e; is Fy,-measurable, the value of ¢ on [t;,t;+1) is determined by the information available
at the left endpoint ¢;; this is precisely the F;-adaptedness discussed above. One can imagine ¢ as
a sum of rectangles. We define the integral of an elementary function as

/ $(t,w)dBy(w =Z )[Byy — Bi(w)

i=0

The following isometry equates the mean square of the stochastic integral with the expected
integral of the squared integrand. This is what makes the next definition work: it converts L2-
closeness of the integrands into L?-closeness of their integrals, so the limit below exists and does
not depend on the approximating sequence.

Theorem 1 (The Itd isometry). [5] If ¢(¢,w) is bounded and elementary then

T 2 T
( / é(t, w)dBt(w)> =E l / o(t, w)zdt]
U U

Now we are ready to define the It6 integral as a limit of the sum of elementary functions.

Definition 6 (The It integral). [5] Let f € V(U,T). Then the Itd integral of f (from U
to T') is defined by

/T f(t,w)dBs(w) = lim ' On(t,w)dBi(w) limit in L?(P)
U

n—oo U

where {¢,} is a sequence of elementary functions such that

E
U

/ (f(t,w) — (bn(t,w))th] —0 as n — 0o

Here n stands for the number of subintervals of the time partition, it says that as we divide the
interval into more parts, the estimate of an integral converges to the true integral.



Now we return to Iy [5], for which we choose the elementary functions

n—1

Gn(t,w) =D Bi, 1y, 0,01, O=tyg<...<t,=T
1=0

Since E[(Bs — By,)?] = s —t; on each subinterval, the approximation requirement of Definition 6 is
satisfied: E [fOT(BS - (bn(s,w))st} =y 2(ti+1—t;)* = 0 as the mesh size vanishes. Applying
the identity p(q¢ — p) = %(q2 —p?) — %(q — p)? termwise, we obtain

n—1

T
. 1 5, 1
/O BydB, = lim ;‘] By(Bi.., = Bu) = 5B — 5T
The correction term —7'/2 has no counterpart in classical calculus, where fOT fdaf = %( f(T)? -
f (0)2). It is the price of the non-vanishing quadratic variation of Brownian motion.

Theorem 2 (The martingale property of the It6 integral). [5] Let f € V(0,T"). Then
the process

t
/ f(s,w) dBs, teT,
0

is a martingale with respect to (F):er-

Often we are not only interested in a stochastic process, but in a function that depends on a
stochastic process. It would be beneficial to be able to differentiate such functions. However, since
a standard Wiener process (Brownian motion) is nowhere differentiable, the dependent function is
also nowhere differentiable. Instead, we can introduce the differential of the function using Itd’s
formula. The idea behind It6’s formula is to use a Taylor expansion of the second order for a
function h € C%(R), because further expansion terms would vanish.

on 16%h

dh(z) ~ e (x)dx + 5@(:1:)&@)2

Plugging in B; instead of  we obtain:

oh 1 0%h 10%h Oh .
dh(B;) ~ %(Bt)dBt + -~ (B)(dBy)? = iﬁ(Bt)dt + ——(By)dB; since (dB;)? = dt

2 Ox? ox
Note that this function does not depend on time; for this reason, in the more general case
(h(t,z)) a partial derivative with respect to time has to be added.

Theorem 3 (Itd formula). [4] Let (X;):er be an Itd process with the differential
dXt = [L(t, Xt)dt + O'(t, Xt)dBt

and assume a second process
Zy = h(t, Xy)

with h € C12(T x R), that is, continuously differentiable in ¢ and twice continuously differ-
entiable in . Then the It6 formula applied results in the differential:

oh oh 16%h
= E(t,Xt)dt + a—x(t,Xt)dXt + = (t, X;)(dX;)?

Z.
dZ: 2 0z

This is helpful because it allows for decomposition of the complex function into its deterministic
and stochastic components. If the deterministic component vanishes, what remains is a pure It6
integral, so by Theorem 2 the transformed process is a martingale with a known expectation. This
is exactly the construction we use later to build a control variate.

3 Numerical methods for solving SDEs

While It6’s calculus provides the rigorous theoretical machinery to define SDEs, finding exact,
closed-form analytical solutions is rarely possible for complex systems. To extract meaningful
insights such as expected values we are forced to rely on numerical approximations.



3.1 Euler-Maruyama method

The Euler method was proposed by Leonhard Euler to approximate ordinary differential equations.
Later it was extended by Gisiro Maruyama to allow for a stochastic component. The approach is
to discretize the time and Brownian increments.

Definition 7 (Euler-Maruyama method). [3] Consider a process X = {X;}ier that
satisfies the stochastic differential equation:

Vt € T o dXt = ,u(t,Xt)dt + O'(t,Xt)dBt

and starts at Xo. The functions u(t, x), o(t, ) should satisfy the Lipschitz and linear growth
conditions. For the uniform grid ¢, = nAt, n =0,..., M, with At = T/M and tpy = T, an
Euler approximation is a discrete-time stochastic process Y = {Y,,}M  satisfying the iterative
scheme

Vne{0,...,M—1}: Yo =Y+ pults,Ys) At +o(tn, Ys) AB,,

where AB, = B;, ., —B;, ~ N(0,At), and Y;, approximates X¢,. The initial value is Yy = X,.

To measure how well the method converges, we need to distinguish between two types of con-
vergence: strong and weak. Strong convergence describes the expected absolute difference between
the true and the approximated value at the terminal time T: E[| X7 —Yy/|]. The Euler—-Maruyama
scheme has been shown to converge strongly with order 0.5; however, this is not discussed here
further. The reader is referred to [3].

3.2 Weak convergence

This type of convergence describes how similar statistical properties of the paths are. It is measured
through a test function g applied to the terminal value (e.g. the payoff of an option):

€weak = E[Q(YM)] - E[Q(XT)]

Definition 8 (Weak convergence and its order, uniform grid). [3] For the uniform
grid of Definition 7, Y); is the approximation at time T'; a subscript A marks quantities
computed under this discretization. The scheme converges weakly to X at time T for a test
function g : R — R if

lim |E[g(X7)] — E[g(Y; =

Jlim [Elg(X7)] ~ Elg(Var)]] =0,
and with order 8 > 0 if there exist constants ¢ > 0 and Aty > 0, both independent of At,
such that

[Elg(Xr)] - Elg(van)]| < c(At)® VAt € (0, Aty).

Here g is taken to be 2(f8 + 1) times continuously differentiable with polynomially bounded
derivatives.

The Euler-Maruyama scheme has been shown to converge weakly with an order of 1 [3]. The
order guarantees that the approximation converges. However, E[g(Yas)] is not known, since this
quantity is an integral over the space of discrete paths and is in general not available in closed
form. For this reason, it has to be approximated as well.

4 Monte Carlo simulation and error analysis

The Monte Carlo method provides a tool for estimating E[g(Yys)] empirically. The idea behind
this is to sample the paths and average them.

4.1 Estimating statistical properties using Monte Carlo simulation

Our goal is to estimate the expected value of a functional dependent on a discretized process:
Or = E[g(Yar)]. Let Y denote the i-th independently simulated trajectory from the previous

section, so that Y]\(j) is its value at time 7. Let 6 be an empirical mean of the sampled paths. We



rely on the law of large numbers, which tells us that the sample mean converges almost surely to
Oa: EZ\LI g(Y]\(j)) 2% 0a as N — oo.
For this reason we set the estimator for Oa:

. 1 X .
ba =5 D 9%y
=1

Here N denotes the sample size, that is, the number of simulated paths; it is not to be confused
with the number of time steps M per path introduced in Definition 7.

4.2 Error decomposition: Bias, Variance

When we are estimating a true expected value, we need to quantify the error of our approximation
and understand where this error comes from. We define the error as a mean-squared error [2]:

MSE(0a,07) = E[(0a — 04)%] = (E[0a] — 0a)? + E[(0a — E[0a])?] = Bias® + Variance

Now we can compute the bias of our estimate:
N
Bias(fa,0a) = E[fa] — 0a = Z Y]SI —E[g(Ym)] = E[g(Ynm)] — E[g(Yar)] =0

Hence, the estimator 0 is unbiased. Note that we only considered a bias of a discretized
version of X7. Discretization comes with an unavoidable bias of a discrete estimator compared to
the true expected value of the functional: § = E[g(X7)]. If we consider the bias of the discrete
approximation with respect to the true continuous process (X ), we observe the following:

Bias(0a,0) = E[fa] — 0 = E[g(Yar)] — E[g(X7)]

This is precisely the weak error of the Euler—-Maruyama scheme; since the scheme is of weak
order 1, this bias is O(At) and can be reduced by decreasing the step size At. For the rest
of the paper we will work on the discretized processes and mainly focus on the second part of
the total error, namely the variance. The presence of variance in Monte Carlo simulations is a
direct consequence of representing the infinite probabilistic space of an SDE with a finite set of
discrete realizations. During the numerical integration, such as with the Euler-Maruyama scheme,
each sample path is subjected to a unique sequence of stochastic increments. Consequently, the
evaluated function scatters widely across different paths. The Monte Carlo estimator averages
these scattered outcomes, but because the sample size N is strictly finite, the resulting sample
mean is itself a random variable subject to sampling error.

Since the estimator 6a depends on random variables g(YI\(/})), O itself is a random variable.
For this reason, we can analyze how fast it converges to the true value 5. For this we rely on the
Lindeberg—Lévy central limit theorem, which states that the sequence of independent and identically
distributed random variables converges in distribution to the Normal distribution.

Theorem 4 (Lindeberg—Lévy CLT). [1] Suppose &1, &3, . .. is a sequence of i.i.d. random
variables with E[¢{] = v and Var[¢] = 03 < oco. Then, as N approaches infinity, the random

variables VN (£x — 1) converge in distribution to a normal A/(0, ol):

VN(@éx —v) % N(0,02),

where £y = % ZZJ\;I &.

In the context of our simulation, & = g(YJ\(})), the mean v is our target expectation 0a = E[g(Yas)],
and &y is Oa.
From that theorem we can conclude that the error is normally distributed:

~ 0_2
(Oa — 0r) = N(O, W“’) for large N, where o2

g9

= Var[g(Y)]



We come back to the formula of mean-squared error in order to find the convergence rate of the
Monte Carlo estimate. We consider root mean squared error (RMSE), taking into account that
the estimator 6 is unbiased with respect to Oa:

. - - o2
RMSE(fa, 05) = V/Variance = \/E[(GA —E[fa])?] = /2L = 2L = O(NV/2)
N /N
The convergence order means that reducing the error by a factor of 10 requires 100 times more
paths. Since the cost per path is fixed, buying accuracy by brute force alone becomes prohibitive

very quickly.

5 Control Variates

The RMSE derived above is ¢4/ VN, so the sample size N is not the only lever: the error can
equally be reduced by shrinking the numerator. The control variate method does this by pairing
the simulation output with a second quantity that is correlated with it and whose expectation is
known in advance; the known expectation turns that correlation into a correction that cancels part
of the noise without shifting the mean.

5.1 Definition

Definition 9 (Control variates). [2] Let Ay,..., Ay be outputs from N replications of
a simulation (A4; = g(YA(j))). These variables A; are independent and identically distributed
and our objective is E[A]. Then the unbiased estimator is A = = Z@IL A;. Along with each
A; we calculate another output variable C;, whose expectation E[C] is known. Then for any

fixed b we can calculate
A;(b) = A; — b(C; — E[C))

This results in the sample mean (control variate estimator), with C = % Zfil Ci:

> (4 —b(Ci —E[C])) = A~ b(C ~ E[0])

=1

A= 5

Here C' — E[C] serves as a control in estimating E[A].

In fact, we can prove that the new estimator is unbiased.

E[A(%)] = E[A - b(C — E[C))] = E[A] - b(E[C] ~ E[C]) = E[A] — b-0 = E[A

We can also find the optimal correction coefficient b, which results from minimization of the
variance of the control variate estimator. Let us denote Var[A] = 0%, Var[C] = 02, and let pca
be the correlation coefficient between C and A.

Var[A;(b)] = Var[A; — b(C; — E[C])] = 0% — 2bocoapca + b2 ok = o*(b)

a?(b) o a?(0) _ o2
EEACC A ol o

Var[A(b)] =

The variance of the control variate estimator is smaller than the variance of the standard
estimator if b?02 < 2bocoapca. The coefficient that minimizes o2 (b) is

b — oA _ Cov[C, A]
= 0T Var[C]

Now, if we compare the variances of the control variate estimate and the standard estimate, we
obtain the following ratio

Varlder)
Var[A] cd



From this it follows that we need to prefer the controls with the highest absolute correlation.
The variance reduction factor 1/(1 — p% ) increases sharply as |pcal| approaches 1, but drops off
as |pca| decreases [2].

One can notice that b* looks exactly the same as the slope coeflicient in the linear regression.
And this is precisely it, the following example shows the connection between these two terms.

Example: (Approximating the value of )
Here we approximate the value of 7 using Monte Carlo sampling. A point drawn uniformly on
[0,1]? falls into the quarter disc with probability 7/4, so we consider the scaled indicator:

4 ifx?+y? <1
"I"7 = .
() { 0 otherwise

Let m be the number of points we throw randomly in the unit square [0,1] x [0,1] in one
trial. Let us denote the number of trials by n (playing the role of N in Definition 9). We
set the estimator to 4; = - Z;nzl ¥(zij,vi;). As a control variate (C;) we choose the average
squared Euclidean distance from the point to the origin, that is, how far our points are on average
from the origin: C; = % Z;nzl[xfj + yfj]. The expected value of the control variate is known:
E[C] = E[z* + y*] = E[z*] + E[y?] = 1 + 1 = 2, where z,y are independent and uniformly
distributed on [0, 1].

The coefficient b is estimated empirically as b=

CovlCA]  This is exactly the slope coefficient for

the linear regression that we would fit on the data. However, the empirical estimate also introduces
a small bias (O(1/n)), as it is derived from a sample. In practice it is usually ignored [2]. Our
control variate estimate for a single trial is the following:

Aib) = Ai = b(C; ~E[C]) = A; — b (cz- - §>

Then the control variate estimator for m over n trials:

A(B):A-B(é—g)
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Figure 1: The plot shows Monte Carlo sampling algorithm, scatter plot of control variate and
empirical m with a linear regression fitted on the data. 63.55% reduction in variance is observed.
m = 100,n = 60

5.2 Martingale as a control variate

For simulations of stochastic differential equations, control variates are also very useful. We want
to construct a random variable that has a known expected value and is inexpensive to calculate.

Recall the martingales. By definition, a martingale is a stochastic process whose conditional
expectation of future values, given all prior information, is simply its current value. This property
makes them exceptionally powerful candidates for control variates. To successfully implement the
control variate method as defined in Section 5.1, two conditions must be met: the control variable
must be highly correlated with our target simulation, and its exact theoretical expectation must
be known in advance.



Martingales satisfy both requirements in the context of SDE simulations. Because they can be
constructed using the exact same Brownian increments (AB,) that drive the primary numerical
integration scheme (such as the Euler-Maruyama method), they naturally capture the underlying
stochastic noise of the system, ensuring a strong correlation. Furthermore, their defining charac-
teristic guarantees that their theoretical expectation is known exactly.

To demonstrate it, let us consider an example of a European call option pricing. A call option
is a contract that gives you a right to buy an underlying asset on an expiration date for a fixed
predefined price (strike ). This is convenient because it allows for avoiding the higher losses if
the asset falls and earning if the price grows. Then the payoff of the option on the expiration date
T is equal to max(St — K,0). However, it is often discounted, since there is always a possibility
to invest money without the risk. By discounting the payoff by a factor of e™"T, where r stands
for the risk-free rate, the resulting function is obtained:

A(St) = e " max(Sy — K, 0)

where St stands for a price of an underlying asset, which can be modeled by geometric Brownian
motion under a risk-neutral pricing framework, with constant volatility ¢ > 0:

dSt = ’I"Stdt + O'StdBt

Our goal is to find the expected payoff § = E[A]. Although there exists a closed form solution,
and the paths could be sampled without introduction of the discretization bias, we assume that
the solution is not known and solve this by sampling the paths of the underlying asset using the
Euler-Maruyama scheme with pu(t,2) = ra and o(t,z) = oa:

Yor1 =Y, +rY, At +0Y,AB,, Yo=5So

Hence, we approximate 0 = E[Aa] = E[A(Yas)] by empirical mean 6 = + Zfil An i, where
Api=e T maX(Y]\(}) — K,0). In simulation, the true terminal price St is replaced by its Euler—
Maruyama approximation Yj; for this reason, we write Aa ; for the discounted payoff evaluated
on the i-th path. We also note that such estimator is unbiased with respect to #a, but biased
relative to 6. The bias between 6a and 6 is governed by the discretization step and is equivalent
to the weak error of the Euler-Maruyama scheme.

In order to reduce the variance of the estimator 6 using the control variate method, a highly
correlated random variable with a known expected value is desirable. A martingale can be a good
choice because its expected value is known and is equal to its initial value. Let us look at the
formula of the discounted asset price.

Zt = h(t, St) = e_TtSt

Recall It6’s formula, which allows us to decompose the function into its deterministic and stochastic
components. Applying it, we obtain:

oh oh 19%h 2
A7, = = (t, Sy)dt + o ( S)dS; + 5 =5 (1, 5,)(dS)
= —re " Sdt + e "dS (since @ =0)
= t t or2

= —re "Sidt + e " (rSydt + 0SydBy) = e "' 0S;dB;

From the martingale property of the Itd integral (Theorem 2) we know that Z; is a martingale,
since e~ ™S, is in the class of Itd integrable functions.

From that also follows that the expected value of Zr is equal to its initial value Zy = €%Sy = Sp.
Since the simulation produces Euler-Maruyama paths rather than the continuous process, we take
the discretized martingale as the control: Ca = e~ "7Y),. Its expectation is still known in closed
form: taking expectations in the scheme and using E[AB,] = 0 gives E[Y,,11] = (1 + rAt)E[Y,],
hence

E[CA] = Soe™ ™ (1 4+ rAt)M.

The estimator therefore remains unbiased with respect to 6 for any fixed b; as in Section 5.1,

estimating b by b = % from the same sample introduces the usual O(1/N) bias, because
A
b and the correction term it multiplies are computed from the same N paths, so their product no

longer has zero mean. It is dominated by the standard error O(N~'/2) and is usually ignored [2].

10



For a single sampled path the following control variate is constructed:

Ani(b) = Ay — b(Ca — E[Ca]) = An,; — b(e"TY\} — E[CA])
And the goal estimator is equal to:

N
. . A . 1 .
Oa(b) = 6a — b (OA - IE[OA]) . where Ca = > e Ty,
=1
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Figure 2: Variance of the discounted payoff, with and without the control variate, as a function
of the strike. The variance of the estimator 6 is obtained by dividing by N. Parameters: Sy =
50,7 = 0.05,7 = 0.25,0 = 0.3, N = 10000, M = 100

As illustrated above, the martingale provides a significant variance reduction without introduc-
ing a discretization-related bias, since its expectation under the discretization is known exactly.
From the graph, it follows that the effectiveness of the control variate decreases drastically as the
strike price increases. When the strike price is lower than the initial price, the option is most likely
to pay out; as the strike price grows, the option is less likely to pay out and the payoff tends to be
zero; it leads to decreased correlation and worsens the performance of a control variate.

6 Conclusion

We studied the control variate method for the Monte Carlo estimation of expectations of functionals
of SDEs. Taking the discounted asset price under the Euler-Maruyama scheme, e"7Y),, as a
control for the discounted call payoff, the variance of the estimator is reduced, at the optimal
coefficient, to a fraction 1 — pZ , of its original value. Its expectation is known in closed form, so
the estimator stays unbiased with respect to the discretized target a. The experiments confirm
this reduction and its deterioration as the strike rises: the option becomes less likely to pay out,
the payoff decouples from the underlying, and the correlation po 4 collapses. A natural next step is
to replace the hand-crafted control with a learned one: since the optimal coefficient is precisely a
regression slope, control variates extend naturally to machine-learning approaches, where a neural
network can be trained to produce a highly correlated control of known expectation for payoffs too
complex to treat analytically.
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